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The axisymmetric thermophoretic motion of an aerosol particle of revolution in a
uniformly prescribed temperature gradient is studied theoretically. The Knudsen num-
ber is assumed to be small so that the fluid flow is described by a continuum model. A
method of distribution of a set of spherical singularities along the axis of revolution
within a prolate particle or on the fundamental plane within an oblate particle is used
to find the general solutions for the temperature distribution and fluid velocity field.
The jumpl/slip conditions on the particle surface are satisfied by applying a boundary-
collocation technique to these general solutions. Numerical results for the thermopho-
retic velocity of the particle are obtained with good convergence behavior for various
cases. For the axisymmetric thermophoresis of an aerosol spheroid with no tempera-
ture jump and frictional slip at its surface, the agreement between our results and the
available analytical solutions is very good. The thermophoretic velocity of a spheroid
along its axis of revolution in general increases with an increase in its axial-to-radial
aspect ratio, but there are exceptions. For most practical cases of a spheroid with a
specified aspect ratio, its thermophoretic mobility is not a monotonic function of its
relative jumplslip coefficients and thermal conductivity. © 2008 American Institute of
Chemical Engineers AIChE J, 55: 3548, 2009
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thermal and frictional slip

Introduction

A particle, when suspended in a gas possessing a tempera-
ture gradient, acquires a velocity relative to the gas in a
direction of decreasing temperature. This phenomenon,
known as thermophoresis, was first observed by Tyndall in
1870 when it was discovered that a dust-free space sur-
rounded a hot body.1 Being a mechanism for the capture of
aerosol particles on cool surfaces, thermophoresis is of con-
siderable importance in many practical applications. For
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example, thermophoresis can be effective in removing or col-
lecting small particles from laminar gas streams in air clean-
ing and aerosol sampling devices.>” The phenomenon has
also been cited as an origin for the deposition of particulate
matter on surfaces of heat exchangers causing scale forma-
tion with the attendant reduction of the heat-transfer coeffi-
cient* and supporting the development of systems for filter-
less removal of combustion aerosol particles.” Convincing
evidence has been provided that, in the modified chemical
vapor deposition process for the manufacture of high-quality
optical fibers, thermophoresis is the primary mechanism re-
sponsible for the deposition of aerosol particles (soot) onto
the inner walls of the containing tube.%” On the other hand,
deposition of contaminant particles by thermophoresis on
wafers in clean rooms during manufacturing steps can be a
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major cause of loss of product yields in the microelectronics
industry.® In the area of nuclear safety, knowledge of ther-
mophoresis is required to calculate the deposition rates of
radioactive aerosol particles released in reactor accident
situations where large temperature gradients exist.’

The thermophoretic effect can be explained in part by
appealing to the kinetic theory of gases.10 The higher-energy
gas molecules in the hot regions impinge on the particle with
greater momenta than molecules coming from the cold
regions, thus resulting in the migration of the particle in the
direction of decreasing temperature. Theoretical analyses
yield an expression for the thermophoretic velocity of a
spherical particle in a constant temperature gradient \/T, as

U=-MVT,, (D

where the negative sign indicates that the particle motion is
in the direction of decreasing temperature. The thermopho-
retic mobility M depends on the magnitude of the Knudsen
number, //b, where [ is the mean free path of the gas mole-
cules and b is a characteristic linear dimension of the
particle.

In the regime of small Knudsen number, the fluid flow
may be described by a continuum model and the thermopho-
retic force arises from a thermal slip along the particle sur-
face because of the existence of a tangential temperature gra-
dient at the surface. Utilizing the gas kinetic theory, Max-
well'! predicted that a tangential temperature gradient /T
at a gas-solid surface would cause a thin layer of gas (known
as the Knudsen layer) adjacent to the surface to move (which
can be viewed as a thermo-osmotic flow), with the relative
velocity at the outer edge of the layer being

W =c-Lwr, @)
peT

where 7 is the fluid viscosity, py is the fluid density, and T is
the local gas temperature. The thermal slip coefficient Cj
was found to be 3/4 by Maxwell on the assumption that the
distribution function in the bulk of the gas held all the way
to the solid wall. Note that the thermal slip velocity v s
directed toward the high temperature side and p¢ in Eq. 2 is
a constant for an ideal gas at constant pressure.

By using the Maxwellian slip velocity in Eq. 2, which
gives the coupling between temperature and velocity fields,
as a slip-velocity boundary condition and solving the equa-
tion of continuum fluid motion incorporating with the heat
conduction in the gas and particle at low Reynolds and Pec-
let numbers, Epstein12 derived an expression for the thermo-
phoretic mobility of a suspended aerosol sphere as

2Csnk
M=—" 3)
p¢To(2k + k1) (

where k and k; are thermal conductivities of the gas and par-
ticle, respectively, and T, is the bulk-gas absolute tempera-
ture at the particle center in the absence of the particle (or
the mean gas temperature in the vicinity of the particle). The
thermophoretic velocity predicted by Eqs. 1 and 3, which is
independent of particle size, is in fair agreement with experi-
mental data when the ratio k/k is not too high.
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The solution for the thermophoretic velocity obtained by
Epstein was improved by Brock'® using the low-Knudsen-
number effects of the temperature jump at the gas-particle
surface as well as the frictional (isothermal) gas slippage (in
addition to the thermal slip) along the surface. The resulting
expression for the thermophoretic mobility of an aerosol
sphere of radius b is

B 2Csn(k + kyC,l/b)
" peTo(1 +2Cnl/b)(2k 4 ky + 2k, C,1/b)’

“

where the dimensionless coefficients C; and C,, (numerical
factors of order unity) account for the temperature jump and
frictional slip, respectively, at the particle surface and must
be determined experimentally for each gas-solid system.
Note that Eq. 4 is applicable to the range of finite Knudsen
number and reduces to Eq. 3 when //b = 0.

Satisfactory agreement of the prediction by Eq. 4 with
experiment514’15 has been obtained. Derjaguin et al.'e-1” pre-
sented the experimental data of the thermophoretic mobility
for a variety of aerosols, which are in good agreement with
Eq. 4 with C,, = 0, C; = 3/2 and a suitable selection of the
coefficient Cy. A set of kinetic-theory values for complete
thermal and momentum accommodations appear to be Cy =
1.17, C, = 2.18 and C,, = 1.14."® Recently, kinetic-theory
values of these slip coefficients have been obtained accu-
rately under various conditions.'*** According to Eq. 4, par-
ticles with large thermal conductivity and small Knudsen
number (say, ki/k = 100 and //b = 0.01) will migrate by
thermophoresis at velocities of 1050 ym s ' in temperature
gradients of order 100 K ecm~ ! such gradients are easily
attainable in thermal boundary layers.

Most aerosol particles are not spherica and it is there-
fore of considerable interest to examine the effect of particle
shape on thermophoresis. The thermophoretic theories of
nonspherical particles differ from those of spheres in that
there is an orientational problem. In general, the thermopho-
retic mobility of a nonspherical particle is anisotropic and
the velocity of the particle is no longer collinear with the
prescribed temperature gradient. The thermophoretic motion
of a long circular cylinder in the direction normal to its axis
has been studied with the consideration of the effects of tem-
perature jump, thermal slip, and frictional slip at the particle
surface.”*® On the other hand, the axisymmetric thermopho-
resis of a spheroidal particle along its axis of revolution
without temperature jump and frictional slip at its surface
was also analyzed.?’*® This analysis has been generalized to
a spheroid with an arbitrary orientation relative to the ther-
mal gradient.”® Recently, the thermophoresis of a particle
which departs slightly in shape from a sphere with the effects
of temperature jump, thermal slip and frictional slip was
investigated, and an explicit expression for the thermopho-
retic velocity was obtained to the first order in the small pa-
rameter characterizing the deformation.>® However, the prob-
lem of thermophoresis of particles of a general shape with
all the effects of temperature jump, thermal slip, and fric-
tional slip at the particle surface has not been solved yet,
mainly due to the fact that, if the temperature jump and/or
frictional slip is included, a separable solution is not feasible
for most orthogonal curvilinear coordinate systems, such as
the prolate and oblate spheroidal ones.*’

23,24
1
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In this article we use a method of distributed internal sin-
gularities incorporated with a boundary-collocation technique
to analyze the thermophoretic motion of an arbitrary particle
of revolution along its axis of symmetry; the particle can be
either prolate or oblate. The thermophoretic velocity of the
particle as a function of the physical and surface properties
of the particle-gas system is calculated for various cases. For
the special cases of a sphere in general conditions and of a
spheroid with no temperature jump and frictional slip, our
results of the thermophoretic velocity show excellent agree-
ment with the exact solutions.'**”~?° For the cases of a sphe-
roid in general conditions whose shape deviates slightly from
that of a sphere, our results also agree quite well with the
approximate analytical solution in the literature.

Mathematical Description of the
Thermophoresis Problem

We consider the steady thermophoresis of a general axisym-
metric rigid particle in an unbounded gaseous medium along
its axis of revolution, as shown in Figure 1. Here (p,¢,z) and
(r,0,¢) denote the circular cylindrical and spherical coordinate
systems, respectively, and the origin of coordinates is chosen
at the particle center. A linear temperature field 7..(z) with a
uniform thermal gradient —E e, (= VVT,.) is imposed in the
ambient fluid far removed from the particle, where e, is the
unit vector in the z direction and, for convenience, E is taken
to be positive. It is assumed that the Knudsen number /b is
small so that the fluid flow is in the continuum regime and the
Knudsen layer at the particle surface is thin in comparison
with the linear dimensions of the particle.

To determine the velocity of the particle undergoing axi-
ally symmetric thermophoretic motion, it is necessary to as-
certain the temperature distributions inside and outside the
particle and the velocity field in the fluid phase.

Temperature distributions

For the heat transfer in a system of thermophoresis, the
Peclet number can be assumed to be small. Hence, the
energy equations governing the temperature distributions are

V2T =0 and VT, =0 3)

for the fluid and particle, respectively.

The boundary conditions at the particle surface require
that the normal component of heat flux be continuous and a
temperature jump that is proportional to the normal tempera-
ture gradient'®'® occur. Also, the fluid temperature far away
from the particle approaches the undisturbed quantities.
Thus, we can write

kn-VT:kln-VTl
onS,, (6a)
T—-T, =Cin-VT
and
T—Ty =Ty—Exz asr— oo. (6b)

Here, n is the unit normal vector at the particle surface S,
pointing into the fluid, k and &, are the thermal conductivities
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Figure 1. Geometrical sketch for the thermophoresis of
an arbitrary axisymmetric particle along its
axis of revolution.

of the fluid and particle, respectively, and C; is the tempera-
ture jump coefficient about the surface of the particle; &, &y,
and C, are assumed to be constant. At the temperature range
of 300400 K, k; = 0.022-0.024 W m~' K™ for silica aero-
sol and k; = 09-3 W m ! K™ for clay, soil, and stone,
whereas k = 0.026-0.033 W m~ ' K™! for air.*!

To solve Egs. 5 and 6, a set of spherical singularities is
chosen and distributed along the axis of revolution within a
prolate particle or on the fundamental plane within an oblate
par‘[icle.32’33 The temperature distributions inside and outside
the particle are approximated by the superposition of the set
of the spherical singularities and the boundary conditions in
Eq. 6a on the particle surface can be satisfied by making use
of the multipole collocation method. For the special case of
a spherical particle, only a single singularity which is placed
at the particle center is needed.

The temperature distributions external and internal to the
particle caused by a spherical singularity at the point p = 0
and z = h are

T=T, —Eooz+Eooi[H,,Ll,,(p,z—h)], (7a)
n=0
and
T, =Ty +Esx i [HnLZH(pv z — h)], (7b)
n=0
respectively, where L;, with i = 1 and 2 are functions of

position defined by Eq. Al in the Supporting Information
section, and H, and H, are unknown constant coefficients.
Note that the boundary condition 6b is immediately satisfied
by a solution in the form of Eq. 7a.
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In circular cylindrical coordinates, the boundary condition
6a on the particle surface for the axisymmetric temperature
field can be expressed as

k(n,E, + n.E.) = ky(nyE, + n-Ei:) } on S,. ®
T —T, =Cd(n,E, + n.E:)

In this equation, 7, and n. are the local p and z components
of the unit normal vector n, and E,, E;,, E., and E,. are the
components of the local temperature gradients inside and
outside the particle, which can be obtained form Egs. 7a and
7b as

=Ex i Hud1n(p,z = h)], (9a)

n=0
Ej,=—= 2; [H,020(p, 2 — h)], (9b)
E. = % =—-E+E, i [Hue1n(p,z — b)), (9¢)
E\, = % =E, 2 [H,e0,(p,z — h)], (9d)

where 0,, and ¢;, with i = 1 and 2 are functions of position
defined by Eq. A2.

Fluid velocity distribution

With knowledge of the solution for the external tempera-
ture distribution on the particle surface which drives the ther-
mophoretic migration, we now proceed to find the flow field.
Owing to the low Reynolds number encountered in thermo-
phoresis, the fluid motion is governed by the Stokes equa-
tions,

nViv—-Vp=0 V-v=0, (10
where v is the fluid velocity field and p is the dynamic pres-
sure distribution.

There exist thermal and frictional slip velocities along the
particle surface and the fluid flow vanishes far from the parti-
cle. Hence, the boundary conditions for the fluid velocity

are 334
Cnl Cn
v="Ue.+——(I—nn I—nn)-VT on S,,
P a7 (L) '
(11a)
v—0 as r— oo. (11b)

Here, t(= y[Vv + (V)T is the viscous stress tensor, I is
the unit dyadic, C; is the thermal slip coefficient defined in
Eq. 2, C,, is the frictional slip coefficient, and U is the ther-
mophoretic velocity of the particle to be determined. The
tangential temperature gradient in Eq. 1la can be obtained
from Eqgs. 9a and 9c.

Analogous to the solution procedure for the temperature
field presented in the previous subsection, Eqs. 10 and 11
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can be solved by distributing a set of Sampson spherical sin-
gularities (also called Sampsonlets) along the axis of revolu-
tion within a prolate particle or on the fundamental plane
within an oblate particle.”’33 The flow field surrounding the
particle is approximated by the superposition of the set of
the spherical singularities and the boundary condition 11a on
the particle surface is satisfied by using the multipole collo-
cation method.

The velocity components for the axisymmetric fluid
motion caused by a Sampson spherical singularity at the
point p = 0 and z = h are®>*°

oo

Vo= [BaAin(p,z = h) + Dpdoy(p,z = h)],  (12a)
n=2

B Cln Pz ) +DnC2n(pyz - h)L (12b)
n=2

and vy = 0, where A;, and C;, with i = 1 and 2 are functions
of position defined by Eq. A3 in the Supporting Information
section, and B, and D, are unknown constant coefficients.
Note that the boundary condition 11b is immediately satisfied
by a solution in the form of Eq. 12.

In cylindrical coordinates, the boundary condition 11a on
the particle surface for the axisymmetric flow can be
expressed as

Cnl

v, =—[(1— nlz,)nprpp nn’t, + (1 —2n2 5 )Ty
n
Csn 2
+—\(1—=n2)E, — n.n,E,
(1= n2)E, — nony £
Cuml ) )

v.=U +T[(1 —nPnt,, — nen,Tp + (1= 2n7)n,t,]

Cin 2

1 —nl)E. —n.n,E
(1= i2)E iy
onS,. (13)

From Eq. 12, the components of the viscous stress tensor in
Eq. 13 can be obtained as

0
Top =1 [Burin(p,z — h) + Dysian(p,z = b)), (14a)
n=2
=n B ﬁln P,z )+Dn62n(p72_h)}v (14b)
n=2
o0
Tpz = n Z [Bn'})l,,(P,Z h) + DnyZn(paZ - h)]: (140)

n=2

where a;,, f;,, and y;, with i = 1 and 2 are functions of posi-
tion defined by Eq. A4.

The drag force exerted by the fluid on the surface of the
particle caused by the Sampson spherical singularity can be
determined from

F = 4nnD,. (15)

That is, only the first multipole of the spherical singularity
contributes to the hydrodynamic drag on the particle.
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Equations 7 and 9 for temperature fields, Eqs. 12 and 14
for the fluid flow fields, and Eq. 15 for the hydrodynamic
drag force caused by a Sampsonlet as well as boundary con-
ditions 8 and 13 on the particle surface will be utilized in the
following sections to solve for the thermophoretic velocity of
a particle of revolution along its axis of symmetry.

Solution for the Thermophoresis of a
Spherical Particle

In this section, a spherical singularity described in the pre-
vious section is used with the boundary collocation technique
to obtain the numerical solution for the thermophoretic
motion of a spherical particle of radius b. The collocation
result of the thermophoretic velocity will be compared with
the exact analytical solution given by Eqgs. 1 and 4.

Temperature distributions

The temperature field inside and outside the spherical par-
ticle produced by the imposed thermal gradient can be repre-
sented by a spherical singularity placed at its center which is
the origin of the coordinate frame. Thus, the distributions of
the temperature and the components of its gradients for the
heat conduction around the sphere are given by Egs. 7 and 9
with 4 = 0. To determine the unknown constants H,, and H,,
one can apply the boundary conditions in Eq. 8 at the parti-
cle surface to these distributions to yield

NgE

[H”MTn(pﬂ )+HM2n(p7 )} =n;

0

n

o at r =D,
> LM .2) + HaM3; (. 2) = 2 = Cn
: (16)
where
M, (p,2) = nyd1a(p, 2) + nze1a(p, 2), (17a)
M5, (p,2) = —k"[n,02,(p, 2) + 12624 (p, 7)), (17b)
M7, (p,2) = Lia(p,2) — CyOM,(p, 2), (17¢)
M, (p,z) = —Lau(p, 2), (17d)
k* =k /k and C; = Cil/b.

To satisfy the boundary condition 16 exactly along the entire
semicircular generating arc of the sphere in a meridian plane
would require the solution of the entire infinite array of the
unknown constants H, and H,. However, the boundary-collo-
cation technique”AO enforces the boundary condition at a fi-
nite number of discrete points on the particle’s generating
arc and truncates the infinite series in Egs. 7, 9, and 16 into
finite ones. The unknown constants in each term of the series
permit one to satisfy the exact boundary conditions at one
discrete point on the particle surface. Thus, if the boundary
is approximated by satisfying condition 16 at Nt discrete
points (values of 0 between 0 and ), then the infinite series
are truncated after Nt terms, resulting in a system of 2Ny si-
multaneous linear algebraic equations in the truncated form
of Eq. 16. This matrix equation can be solved by any of the
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standard matrix-reduction _techniques to yield the 2Ny
unknown constants H,, and H,, required in the truncated equa-
tions for the temperature field. The accuracy of the truncation
technique can be improved to any degree by taking a suffi-
ciently large value of Nyp. Naturally, the truncation error
vanishes as Ny — oo.

Fluid velocity distribution

The fluid flow accompanying the thermophoresis of a
spherical particle can be represented by a Sampsonlet placed
at its center. Thus, the velocity and stress components for the
fluid motion are given by Eqgs. 12 and 14 with 4 = 0. To
determine the unknown constants B, and D,, one can apply
the boundary conditions in Eq. 13 at the particle surface to
these velocity and stress components to yield

o0

S [B.AL (.2 + DA (0,2)]
n=2

_c NEo
prT

n; n,,+ZH 01,(p,z )}
0

Z[B Cia(p:2) +DnC3,(p,2)]

NE
—U+CE= (2= 1)+ S Hael, (p,z
piTo [ Z P }
atr=>h, (18)
where
5?,,(,0,2) = (1 —”i)éln(Paz) - ’1z”p81n(,072)7 (19a)
STn(p7 Z) = (1 - ”3)8ln(pa Z) - nznpéln(pa 2)7 (19b)
A,-*,,(p, Z) :Ain(p: Z) - Cfnb[(l - ni)”pain(pa Z)
- nﬂ”?ﬁm(/% Z) + (1 - 2”%)”2?1’:1 (p7 Z)]a (19C)
Ci(p:2) =Cin(p,2) = Cib[(1 = n2)np,(p, 2)
—n ﬂpOCm(p7 ) + (1 - zng)npyin(p:Z)L (19(1)

C! = Cyl/b and i = 1 or 2. The first Nt coefficients H,
have been determined through the procedure given in the
previous subsection.

Equation 18 can be satisfied by utilizing the boundary collo-
cation technique presented for the solution of the temperature
field. Along a longitudinal generating arc at the particle sur-
face, Eq. 18 is applied at Ny discrete points (values of 0
between 0 and m) and the infinite series in Egs. 12 and 14 are
truncated after Ny terms. This generates a set of 2Ny linear
algebraic equations for the 2Ny unknown coefficients B,, and
D,.. The fluid velocity field is completely obtained once these
coefficients are solved for a sufficiently large number of Ny;.

Thermophoretic velocity of the particle

Because the particle is freely suspended in the surrounding
fluid, the net force acting on the particle must vanish. Apply-
ing this constraint to Eq. 15, one obtains
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Table 1. Numerical Results of the Dimensionless
Thermophoretic Velocity of a Sphere WitE C§= 2C¢ for
Various Values of the Parameters k¥ and C%

k Crn NT = NH UprO/CsnEoo
100 0 4 0.0196
8 0.0196
Exact solution 0.0196
100 0.1 4 0.2465
8 0.2465
Exact solution 0.2465
1 0.1 4 0.5882
8 0.5882
Exact solution 0.5882
Exact solutions are calculated from Egs. 1 and 4.
D, =0. (20)

To determine the thermophoretic velocity U of the particle,
Eq. 20 and the 2Ny algebraic equations resulting from Eq.
18 are to be solved simultaneously.

When specifying the points along the semicircular generat-
ing arc of the sphere where the boundary conditions are
exactly satisfied, the first point that should be chosen is 0 =
7/2, because this point defines the projected area of the parti-
cle normal to the direction of motion. In addition, the points
0 = 0 and 0 = = are also important. However, an examina-
tion of the systems of linear algebraic equations 16 and 18
shows that the coefficient matrices become singular if these
points are used. To overcome the difficulty of singularity and
to preserve the geometric symmetry of the particle surface
about the equatorial plane 0 = 7/2, points at 0 = o, ©/2 — «,
n/2 + o and m — o are taken to be four basic collocation
points.*>*3 Additional points along the boundary are usu-
ally selected as mirror-image pairs about the plane 0 = 7/2
to divide the 0 coordinate into equal parts. The optimum
value of o in this work is found to be 0.01°, with which the
numerical results of the thermophoretic velocity of the parti-
cle can converge to at least four significant figures. In princi-
ple, as long as the number of the collocation points is suffi-
ciently large and the distribution of the collocation points is
adequate, the solution of the particle velocity will converge
and the shape of the particle can be well approximated,
irrespective of the particle shape or boundary conditions.

In our continuum-with-slippage analysis given in the previ-
ous section, the Knudsen number (//b) of the system should
be smaller than about 0.1. As mentioned in the first section,
a set of well adapted values for the temperature jump and
frictional slip coefficients under the condition of complete
energy and momentum accommodations are 2.18 and 1.14,
respectively. Consequently, the normalized coefficients C;
and C;, must be restricted to be less than unity. For conven-
ience we will use the ratio C{/C;, = 2 (a rounded value to
2.18/1.14 = 1.91) throughout the article, without the loss of
reality or generality. On the other hand, the thermal conduc-
tivity of an aerosol particle is usually greater than that of the
ambient gas. Thus, the value of the relative conductivity k"
will exceed unity under most practical situations.

In Table 1, a number of numerical solutions of the dimen-
sionless thermophoretic velocity Upy To/CHE ., of the aerosol
sphere are presented for various values of the parameters C;,
(=C;/2) and k" using the boundary collocation technique. All
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of the results were obtained by increasing the numbers of
collocation points Ny and Ny until the convergence of four
significant digits is achieved. The exact solutions for Up¢ To/
CE, calculated using Egs. 1 and 4 are also listed in Table
1 for comparison. It can be seen that the results from the col-
location method agree excellently with the exact results for
the desired accuracy and the rate of convergence is rapid.

Axisymmetric Thermophoresis of
Prolate Particles

We consider in this section the thermophoretic motion of a
general prolate axisymmetric particle along its axis of sym-
metry. A segment between points A(p = 0, z = —c¢;) and
B(p = 0, z = ¢,) is taken along the axis of revolution inside
the particle on which a set of spherical singularities are dis-
tributed (c; and ¢, are positive constants). If the nose and
tail of the particle are round, then their centers of curvature
can be chosen as A and B. The general solutions of the tem-
perature and fluid velocity fields can be constructed by the
superposition of the spherical singularities distributed on the
segment AB, and Eqgs. 7 and 12 are used to result in

EA R R RS o e

@
Vo - > @ Aln(P,Z—f)
Rl ]

Aulp,z=1) } }dt. (22)

+ D,(t
( ) C2n(p72_ t)

The corresponding expressions for the components of the
temperature gradient and viscous stress tensor can be
obtained using Eqgs. 9 and 14.

Equations 21 and 22 provide exact solutions for Egs. 5
and 10 that satisfy Eqgs. 6b and 11b, and the unknown density
distribution functions for the singularities, H,(t), H,(t), B,(t),
and D, (t), must be determined from the remaining boundary
conditions 6a or 8 and 11a or 13 using the collocation tech-
nique. From Eqgs. 15 and 22, the drag force exerted by the
fluid on the prolate particle can be expressed as

F = 4my / " Dy, 23)

Cl

The density distribution functions H,(?), ITIn(t), B, (1), and
D,(t) in Egs. 21 and 22 can be approximated to various
orders of precision to satisfy the boundary conditions at the
particle surface. In this work, we consider the constant-distri-
bution, linear-distribution, and quadratic-distribution approxi-
mations and their details incorporated with the boundary col-
location technique to determine the thermophoretic velocity
U of the particle are presented in the Supporting Information
section. Note that, similar to the thermophoretic velocity of
an aerosol sphere given by Egs. 1 and 4, the value of U is
proportional to the quantity CinE../p¢Ty and dependent on
the dimensionless parameters k*, C{, and C;, (in addition to
the aspect ratios of the particle).
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Table 2. Numerical Results of the Normalized
Thermophoretic Velocity of a Prolate Spheroid with C% =
2G; Along Its Axis of Revolution for Various Values of the

Aspect Ratio a/b and the Parameters k* and C

e

alb k Ch Nt =Ny My My U/U,
1.1 100 0 3 4 4 1.1192
5 1.1192

6 4 1.1192

Exact solution 1.1192

1.1 100 0.1 3 17 13 1.0125
14 1.0127

15 1.0127

18 11 1.0127

Approximate solution 1.0139

1.1 1 0.1 3 16 7 1.0488
8 1.0489

9 1.0489

17 13 1.0489

Approximate solution 1.0518

2 100 0 4 6 4 2.3180
5 2.3180

7 4 2.3180

Exact solution 2.3180

2 100 0.1 4 37 20 1.0913
21 1.0911

22 1.0911

38 22 1.0911

Approximate solution 1.1394

2 1 0.1 4 34 21 1.3209
22 1.3208

23 1.3208

35 22 1.3208

Approximate solution 1.5176

Exact and approximate solutions are calculated from Eqgs. 25 and 26, respec-
tively.

Solution for the Thermophoresis of a Prolate
Spheroidal Particle

In this section the method presented in the previous sec-
tion is used to obtain the solution for the axisymmetric ther-
mophoresis of a prolate spheroid. The surface of a spheroid
is represented in circular cylindrical coordinates by

2(p) = +a {1 - (gﬂ " 24)

where 0 < p < b. For the case of a prolate spheroid, @ and b
are the major and minor semi-axes, respectively (@ > b > 0).
When the temperature jump and frictional slip do not
occur on the surface of the particle (namely, C{ = C;, = 0),
the problem of the thermophoresis of a spheroidal particle in
a uniform temperature gradient is solvable in the spheroidal
coordinate systems by a method of separation of variables.

21 4+ kC7)

The result for the particle velocity along its axis of revolu-
tion is?’

_ - NEx {{—(—1)coth™!{]
“pTok* (2= 1)(Leoth (= 1)+ {[{— (Z—1)coth (]’
(25)

where { = a/c and ¢ = (a* — b)), which is the half dis-
tance between the two foci of the prolate spheroid. In the
limit of a/b — 1 or { — oo, Eq. 25 reduces to Eqs. 1 and 3
for an aerosol sphere.

In a previous section, collocation solutions for the thermo-
phoretic velocity of a spherical particle were presented and
shown to be in perfect agreement with the exact solution.
We now use the same collocation scheme incorporated with
the method of distribution of spherical singularities to obtain
the corresponding solution for a prolate spheroid. In Table 2,
numerical results of the thermophoretic velocity U of a pro-
late spheroid with C; = 2C;, along its axis of revolution nor-
malized by the corresponding velocity of a sphere, Uy, given
by Egs. 1 and 4 are presented for various values of the as-
pect ratio a/b and the parameters kK~ and C;.. The values of
U/U, are computed by applying either the linear (for a/b =
1.1) or the quadratic (for a/b = 2) density distribution at
each segment. For a spheroid with its aspect ratio close to
unity, a constant density distribution of spherical singularities
can usually achieve good convergence behavior for the cal-
culation of U. However, when the aspect ratio of the sphe-
roid deviates further from unity, the convergence of the con-
stant density approximation becomes poorer and higher-order
approximations should be adopted. The exact solution of U/
U, for the axisymmetric thermophoresis of a prolate spheroid
with no temperature jump and frictional slip (C; = C;, = 0)
calculated using Eq. 25 is also given in Table 2 for compari-
son. It can be seen that our results from the method of dis-
tributed spherical singularities agree very well with the exact
solution in this limit. In general, the convergence behavior of
the method of spherical singularities is quite good, except for
the case of relatively large aspect ratio.

Recently, Senchenko and Keh®® investigated the problem
of thermophoresis of an aerosol particle with a temperature
jump, a thermal slip and a frictional slip at the surface whose
shape deviates slightly from that of a sphere. Their analytical
result for the thermophoretic velocity of a spheroidal particle
along its axis of revolution, which is correct to the first order
in the small parameter ¢ characterizing the deformation, can
be expressed as

NE«
U=Ci—= -
* piTo {(1 +2C5)(2+k* +2kCF) 5

where ¢ = 1 — (a/b). When ¢ = 0, Eq. 26 is identical to
Egs. 1 and 4. The values of the normalized thermophoretic
mobility U/U, calculated from this approximate formula with
e < 0 are also listed in Table 2 for comparison. It can be
found that the solution correct to the first order in ¢ given by
Eq. 26 agrees quite well with our collocation solutions for
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2K7(6 — K*Cy) +2C;[14 + k(13 + 28C;) + 2k7%C; (3 + 7€) 8} 26)

% )2 * w2
(142C5) (24 k* 4+ 2k°C7)

small magnitudes of ¢. The errors are less than 0.3% for par-
ticles with 1 < a/b < 1.1. However, the accuracy of this
approximate solution begins to deteriorate, as expected, when
the value of a/b becomes greater.

The numerical solutions for the normalized thermophoretic
velocity U/U, of a prolate spheroid with C; = 2C;, along its
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Figure 2. Plots of the normalized thermophoretic ve-
locity U/U, of a prolate spheroidal particle
along its axis of revolution vs. its aspect ra-
tio (a/b)~" for various values of its relative
conductivity k: (a) with Cf = 2C% = 0.02; (b)
with Cf= 2C} = 0.2.

axis of revolution are plotted vs. the aspect ratio a/b, the
thermal conductivity ratio k', and the slip parameter C;, (pro-
portional to the Knudsen number //b) in Figures 2—4, respec-
tively. The cases of k" < 1, which are not likely to exist in
practice, are considered here for the sake of numerical com-
parison. For specified values of K, C/, and C}, the value of
Ul/Uy in general increases with an increase in a/b, consistent
with the trend predicted from Eq. 25 for the limiting case of
C; = C;, = 0. This behavior is understandable because the
fraction of the thermal slip of the fluid at the particle surface
in the axial direction, which drives the movement of the
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particle, increases with the increase of a/b. Therefore, the
spherical approximation underestimates the axisymmetric
thermophoretic mobility for prolate spheroids. When k" is
small (say, <1), U/U, decreases almost linearly with an
increase in (a/b)” L.

For given finite values of C;, an, and a/!a, the value of U/
U, increases with an increase in k& when k is small, reaches
a maximum at some moderate value of &, and then
decreases with a further increase in k", as displayed in Figure
3. This maximum occurs at a higher value of & if the value
of C; (=2Cj)) is smaller or the value of a/b is greater. For
the limiting case of C{ = C;, = 0, however, U/U, resulting

alb=2.0)

(a)
1.84

1.6 4

0.1 | 10 100 1000
e

TT T I T T T T TTTTIT

alb=1.1

1.0 ——rrremy
0.1 E 10 100 1000

ﬁ_*

T T T Ty LR AL

Figure 3. Plots of the normalized thermophoretic ve-
locity U/U, of a prolate spheroidal particle
along its axis of revolution vs. its relative
conductivity k* for various values of its
aspect ratio a/b: (a) with G} = 2C}, = 0.02; (b)
with C¥= 2C;, = 0.2.
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Figure 4. Plots of the normalized thermophoretic ve-
locity U/U, of a prolate spheroidal particle
with C} = 2C}, along its axis of revolution vs.
C, for various values of its aspect ratio a/b:
(a) with k* = 100; (b) with k" = 1.

from Eq. 25 becomes a monotonically increasing function of
k', keeping a/b as a constant. The reason for this behavior is
that the thermophoretic mobility of the spheroid in the axial
direction decreases with an increase in k' and the sensitivity
of this dependence increases with a decrease in a/b.*® When
C{ and Cj are small but finite and k" is very large (e.g.,
C; = 2C% = 0.02 and ¥ = 1000, as illustrated in Figure
3a), interestingly, U/U, may not be a monotonic function of
a/b, and its value can be less than unity.

For fixed values of a/b and k", the value of U/U, decreases
with an increase in C} (= 2C})) when C; is small, reaches a
minimum at some moderate value of Cy, and then increases
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with a further increase in C;, when £ is large (e.g., K=
100, as illustrated in Figure 4a), but increases monotonically
with an increase in C; when k" is small (e.g., K= 1, as
illustrated in Figure 4b). Because the effects of the four pa-
rameters k', C;, Ci, and a/b on the thermophoretic velocity
of a spheroid interact one another in a quite complicated
manner (as indicated in Eq. 26), it would be very difficult to
provide some physical analysis for the above observations
from Figures 2—4.

If the particle velocity in Eq. 18 is disabled (i.e., U = 0 is
set), then the force obtained from Eq. 23 can be taken as the
thermophoretic force exerted on the spheroidal particle due
to the imposed temperature gradient \/T.. This force can be
expressed as

F = 6mnbUoF", 7)

where U is the corresponding thermophoretic velocity of a
spherical particle of radius b given by Eqs. 1 and 4 and F
is the normalized magnitude of the thermophoretic force.
The value of F" also equals fUIU,, where f* is the dimen-
sionless Stokes resistance coefficient of the spheroidal parti-
cle with frictional slip translating along its axis of revolu-
tion driven by a body force in the absence of the tempera-
ture gradient®> and U is the thermophoretic velocity of the
spheroidal particle obtained from Eq. 23 and the require-
ment F = 0.

Axisymmetric Thermophoresis
of Oblate Particles

The axisymmetric thermophoresis of a general prolate par-
ticle was considered in a previous section and a set of spheri-
cal singularities must be distributed on a segment along the
axis of symmetry inside the particle. In this section we con-
sider the corresponding thermophoretic motion of a general
oblate particle and the spherical singularities should be dis-
tributed on the fundamental surface within the particle.
Because the oblate particle and the fluid motion are axisym-
metric, the fundamental surface should be a circular disk Sy4
normal to the z-axis and with its center at the origin of the
coordinate frame (the center of the particle).

Let Q be an arbitrary point on Sy which is expressed with
the circular polar coordinates p = p, ¢ = ¢, and z = 0. Then
the temperature disturbance at another point P(p = p, ¢ = 0,
z = z) generated by the spherical singularity at Q can be
obtained using Eq. 7,

-

where p° is the distance from point Q to the projection of
point P on the plane z = 0,

T() - EOQZ
Ty

o]

> I:HnLln(p*vz)

. . (28
HnLZH(p*7Z):| ( )

n=0

p* = (p*+ p* — 2ppcos §)'/*. (29)
Similarly, the velocity disturbance at point P generated
by the Sampson singularity at Q can also be obtained using

Eq. 12
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p* —
5o = PPN (B A (07, 2) + Dadaalp', 7)), (30D)
BnCln +D C2n(p ) )] (300)
n=2

Because of the axisymmetry of the fluid motion, the sin-
gularities must be distributed uniformly on the circles in
Sq with their centers at the origin of coordinates. Hence,
the unknown density distribution coefficients H, and H,
in Eq. 28 and B, and D, in Eq. 30 are functions of p
only.

The total disturbance of the temperature field produced by
the oblate particle can be approximated by the superposition
of the individual disturbances in Eq. 28 induced by the whole

set of singularities on the fundamental disk S4. Thus, at an
arbitrary location, we have

m-

T() - EOO2:|

Ty
/27‘5 / Lln ,Z)
n=| 0 )LQ,, ,Z)

where R is the radius of the disk Sy4. Equation 31 provides an
exact solution for Eq. 5 that satisfies Eq. 6b, and the
unknown density distribution functions H,(p) and H,(p)
must be determined from the remaining boundary conditions
in Eq. 6a or 8 using the collocation method. In Eq. 8, the
components of the temperature gradient can be calculated
from Eq. 31 and expressed as

pdpdg,  (31)

E, | >, [ p—pcosd | Ha(p)ow(p™2) | . . -

£, ‘E”E%/o /o{ [H (75 <p*,z>]}pd”d¢’ e
E. | |—Ex =2 R Hy(P)en(p2) |

{E”] _[ 0 +Em;/0 /0 [ﬁn(ﬁ)gzn(p*,z)]pdpd¢. (32b)

The total disturbance of the flow field produced by the
oblate particle can be approximated by the superposition of
the individual disturbances in Eq. 30 induced by the whole
set of Sampson singularities on the fundamental disk S4. The
expressions for the fluid velocity and stress components at an
arbitrary location satisfying Eq. 11b analogous to Egs. 31
and 32 for the temperature field have been obtained by Keh
and Huang,” and the unknown density distribution functions
B,(p) and D,(p) in these expressions must be determined
from the remaining boundary conditions in Eq. 1la or 13
using the collocation method. With Eqs 15 and 31, the drag
force exerted by the fluid on the oblate particle can be
expressed as

R
F =8 /0 D(4)p dp. 33)

The density distribution functions H,(p), H,(p), B.(p),
and D,(p) in Egs. 31 and 32 and related equations can be
approximated to various orders of precision to satisfy the
boundary conditions at the particle surface. Similar to the
case of the thermophoresis of a prolate particle examined in
a previous section, we consider the constant-distribution, lin-
ear-distribution, and quadratic-distribution approximations
and their details incorporated with the boundary collocation
technique to determine the thermophoretic velocity U of the
particle are presented in the Supporting Information section.
As the thermophoretic velocity of a sphere given by Egs. 1
and 4, the value of U is proportional to the quantity CsnE../
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piTo and dependent on the dimensionless parameters k', C,
and Cp, (in addition to the aspect ratios of the particle).

Solution for the Thermophoresis of an
Oblate Spheroidal Particle

In a previous section, numerical solutions of the thermo-
phoretic velocity of a prolate spheroid along its axis of revo-
lution were presented. In this section the similar singularity
method and collocation technique described in the previous
section will be used to solve the corresponding velocity of
an oblate spheroid. The shape of the oblate spheroid can still
be represented by Eq. 24, but now with b > g > 0. In addi-
tion, the exact solution for the thermophoretic velocity of an
oblate spheroid with no temperature jump and frictional slip
c = ¢, = 0) along its axis of revolution can be
expressed by

Ex (& + Deot™'C—
“peTo k(% + 1)(1 — Leot ™) + ([ + Dot — (]
(34)

where { = a/c and ¢ = (b*> — @), which is the radius of
the focal circle of the oblate spheroid. In the limiting case of
alb - 1 or { - oo, Eq. 34 degenerates to Eq. 1 and 3 for a
sphere.

The numerical solutions of the thermophoretic velocity U
for the axisymmetric thermophoresis of an oblate spheroid

January 2009 Vol. 55, No. 1 AIChE Journal



Table 3. Numerical Results of the Normalized
Thermophoretic Velocity of an Oblate Spheroid with C§=
2C} Along its Axis of Revolution for Various Values of the

Aspect Ratio a/b and the Parameters k* and C%

e

alb k Ch Nt =Ny My My UlU,
0.9 100 0 4 10 9 0.8839
10 0.8839

11 11 0.8839

Exact solution 0.8839

0.9 100 0.1 4 14 8 0.9842
9 0.9844

10 0.9844

15 12 0.9844

Approximate solution 0.9861

0.9 1 0.1 4 13 13 0.9448
14 0.9450

15 0.9450

14 10 0.9450

Approximate solution 0.9482

0.5 100 0 5 15 16 0.4533
17 0.4533

16 13 0.4533

Exact solution 0.4533

0.5 100 0.1 5 23 14 0.8473
15 0.8474

16 0.8474

24 14 0.8474

Approximate solution 0.9303

0.5 1 0.1 5 19 12 0.6388
13 0.6389

14 0.6389

20 11 0.6389

Approximate solution 0.7412

Exact and approximate solutions are calculated from Eqs. 34 and 26, respec-
tively.

with C{ = 2C;, are presented in Table 3 for two representa-
tive cases of the aspect ratio a/b with various values of the
thermal conductivity ratio k" and the slip parameter C; .
Again, the magnitudes of this velocity are normalized by the
corresponding thermophoretic velocity, U,, of a spherical
particle given by Egs. 1 and 4. Either the linear (for a/b =
0.9) or the quadratic (for a/b = 0.5) density approximation
of the singularity distribution is used to calculate the values
of U and to show the convergence tests. The exact solution
for the thermophoretic velocity of an oblate spheroid with no
temperature jump and frictional slip along its axis of revolu-
tion given by Eq. 34 and the approximate solution for the
axisymmetric thermophoretic velocity of a general spheroid
whose shape deviates slightly from that of a sphere given by
Eq. 26 with ¢ = 1 — (a/b) > 0 are also listed in Table 3 for
comparison. Analogous to the case of a prolate spheroid con-
sidered in a previous section, the convergence behavior of
the method of spherical singularities in general is satisfac-
tory. The agreement between our results and the exact and
approximate solutions is quite good. The errors of Eq. 26 are
less than 0.4% for particles with 0.9 < a/b < 1; but as
expected, the accuracy of this approximate solution begins to
deteriorate when the value of a/b becomes smaller.

The collocation solutions for the normalized thermopho-
retic velocity U/U, of an oblate spheroid with C{ = 2Cj,
along its axis of revolution are plotted vs. the aspect ratio a/
b, the conductivity ratio k", and the slip parameter C;, in Fig-
ures 5-7, respectively. For given values of K, C/, and Cj,
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as expected, the value of U/U, in general decreases with a
decrease in a/b, consistent with the trend predicted from Eq.
34 for the limiting case of C{ = C; = 0. This behavior is
understood because the fraction of the thermal slip of the
fluid at the particle surface in the axial direction, which
drives the movement of the particle, decreases with a
decrease in a/b. Thus, the spherical approximation overesti-
mates the axial thermophoretic mobility for oblate spheroids.

For fixed finite values of C{, C;,, and a/b, the value of
UJU, decreases with an increase in kK when kK~ is small,
reaches a minimum at some moderate value of k', and then

1.0 1 L 1 | L =
(a) 0
) 100
Gad 0 i
T, 0.8 .
0.7 4 1 -
F*=10
0.6 L B L S B S
0.4
1.0
(b)
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i
Uy 0.8 <
0.7+
0.6 — T T — T

I
0.4 0.5 0.6 0.7 08 0.9 1.0
alb

Figure 5. Plots of the normalized thermophoretic ve-
locity U/U, of an oblate spheroidal particle
along its axis of revolution vs. its aspect ra-
tio a/b for various values of its relative con-
ductivity k: (a) with Cf = 2C%, = 0.02; (b) with
Cf=2C} =0.2.
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Figure 6. Plots of the normalized thermophoretic ve-
locity U/U, of an oblate spheroidal particle
along its axis of revolution vs. its relative
conductivity k' for various values of its as-
pect ratio a/b: (a) with C} = 2C} = 0.02; (b)
with Cf= 2C}, = 0.2.

increases with a further increase in k. This minimum occurs
at a higher value of k" if the value of C{ (=2Cy,) is smaller
or the value of a/b is greater. For the limiting case of C; =
C;, = 0, however, U/U, resulting from Eq. 34 becomes a
monotonically decreasing function of k', keeping a/b
unchanged. Again, the reason for this behavior is that the
thermophoretic mobility of the spheroid in the axial direction
decreases with an increase in k and the sensitivity of this
dependence increases with a decrease in a/b.

When C{ and C;, are small but finite and ks large (e.g.,
C{ = 2C;, = 0.02 and k" > 100, as illustrated in Figures 5a
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and 6a), interestingly, U/U, may not be a monotonic function
of a/b, and its value can be greater than unity. For specified
values of a/b and k*, the value of U/U, increases with an
increase in C; (=2C;,) when C; is small, reaches a maxi-
mum at some moderate value of C;, and then decreases with
a further increase in C;, when K is large (e.g., K= 100, as
illustrated in Figure 7a), but decreases monotonically with an
increase in C; when k" is small (e.g., k" =1, as illustrated in
Figure 7b). Because the effects of the parameters k*, c, Gy
and a/b on the thermophoretic velocity of a spheroid interact
one another in a quite complicated manner, it would be very

0.6
0.001 0.01 0.1

U 0.7

071 =05 -

0.6 ey ey
0.001 0.01 0.1

Figure 7. Plots of the normalized thermophoretic ve-
locity U/U, of an oblate spheroidal particle
with Cf = 2C} along its axis of revolution vs.
C: for various values of its aspect ratio a/b:
(a) with k" = 100; (b) with k" = 1.
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difficult to provide the physical analysis for some observa-
tions from Figures 5-7.

The thermophoretic force exerted on the oblate spheroidal
particle due to the applied temperature gradient \/7T,, (the
force obtained from Eq. 33 when U = 0 is set) can also be
expressed as Eq. 27. The value of F " still equals fk U/U,, but
now U is the thermophoretic velocity of the oblate spheroidal
particle obtained from Eq. 33 and the constraint F = 0.

Concluding Remarks

In this work the thermophoresis of a general axisymmetric
particle with a temperature jump, a thermal slip, and a fric-
tional slip at its surface in a viscous fluid (e. g., a slightly
rarefied gas) along its axis of revolution has been analyzed
by the use of the method of internal singularity distributions
combined with the boundary-collocation technique. For the
case of the axisymmetric thermophoresis of a prolate particle,
a truncated set of spherical singularities is distributed along
the axis; whereas for the case of an oblate particle, the singu-
larities are placed on the fundamental disk of the particle.
The results for the thermophoretic velocity of the particle
indicate that the solution procedure converges rapidly and
accurate solutions can be obtained for various cases of the
physical and surface properties of the particle-fluid system
and of the particle shape. It is found that the normalized
thermophoretic velocity of a spheroid, prolate or oblate,
along its axis of revolution in general increases with an
increase in its axial-to-radial aspect ratio a/b; the exceptions
may occur when the relative jump/slip coefficients at the par-
ticle surface, C; and Cj,, are small but finite and the relative
thermal conductivity of the particle, k~, is large. For most
practical cases of a spheroid with a fixed a/b, the thermopho-
retic mobility of the particle is not a monotonic function of
k', C{ and Cj;,. The results indicate that the shape (e.g., pro-
late or oblate) and the relative physical and surface proper-
ties of a nonspherical particle can have significant effects on
its thermophoretic behavior.

It is worth repeating that our results are obtained on the
basis of a continuum model for the gas phase with a slip-
flow boundary condition at the particle surface. For a perfect
gas, the kinetic theory predicts that the mean free path of gas
molecules is inversely proportional to the pressure. As exam-
ples, the mean free path of air molecules at 25 °C is about
67 nm at 1 atm and is about 51 um at 1 torr.*! Therefore,
our results obtained with the assumption of small Knudsen
number can be used for a broad range of particle sizes (about
0.5 pum or larger) around atmospheric pressure but is only ap-
plicable for relatively large particles (about 0.1 mm or larger)
at low pressures.

Although the numerical solutions were presented in the
previous sections only for the thermophoresis of a sphere, a
prolate spheroid and an oblate spheroid, the combined analyt-
ical and numerical technique utilized in this work can easily
provide the calculations for the thermophoretic velocity of an
axisymmetric particle of other shapes, such as a prolate or
oblate Cassini oval.*? Moreover, the method of axisymmetric
singularity distribution can also be utilized to investigate
some three-dimensional (asymmetric) thermal and hydrody-
namic fields induced by the thermophoretic motion of an aer-
osol particle of revolution, as in an approach for the transla-
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tion of a prolate spheroid in an arbitrary direction with
respect to its axis of symmetry in an unbounded fluid.*?
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Notation

a = half-length of a spheroid along its axis of revolution, m
b = maximum cross-sectional radius of a spheroid, m

B,.D, = Coefgicients in Eq. 12 for the fluid velocity field,
n+ —1 n —1
‘s

m""™ 8T, m

Cy, = dimensionless coefficient accounting for the frictional
slip

Cr =Cullb

C = dimensionless coefficient accounting for the thermal slip
C, = dimensionless coefficient accounting for the temperature
jump
Eo=IVTs, Km™!
E,.E.= p and z components of temperature gradient outside the
particle, K m!
E\,.Ei.= p and z components of temperature gradient inside the
particle, K m !
F =hydrodynamic drag force on the particle, N
G;'/* = Gegenbauer polynomial of the first kind of order n and
_ degree —1/2
H,.H, = coefficients in Eq. 7 for the temperature field, m" *
k = thermal conductivity of the fluid, W m~' K™!
ky = thermal conductivity of the particle, W m~' K™
k' ==k/k
[ =mean free path of the gas molecules, m
M = thermophoretic mobility defined by Eq. 1, m* s~ K™!
M1,Nt,My,Ny = numbers of collocation points on the particle surface
n = unit normal vector at particle surface pointing into the
fluid
n,.n, = p and z components of n
P, = Legendre function of order n
r =radial spherical coordinate, m
S, = particle surface
T = temperature field in the fluid, K
T, = temperature field inside the particle, K
To = mean fluid temperature in the vicinity of the particle, K
T, = prescribed temperature field defined by Eq. 6b, K
U = particle velocity, m s~ '
Uy = velocity of a spherical particle, m s~
v = velocity field of the fluid, m s !
v,,v- = components of v in cylindrical coordinates, m s~
z = axial cylindrical coordinate, m

2

1

Greek letters
1 -1

n = viscosity of the fluid, kg m™ " s
¢ = angular cylindrical coordinate
p =radial cylindrical coordinate, m

pr = density of the fluid, kg m >
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